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It has an accuracy comparable to the existing dispersion models over
a much wider range of parameters. The present model is open in
nature, i.e., it can be adopted by any design engineer to achieve
better accuracy in the model to match his measurement results for any
specific substrate. The designer has to simply recalculate theA and
B parameters against the experimental results and curve fit the data
by linear or power regression, as presented in this paper. Moreover,
the LDM is very simple and fast for computer-aided design (CAD)
application and, with some modification, it could be adopted to model
the dispersion in other planar transmission lines. The LDM is also
suitable for effective presentation in classroom teaching.
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New Empirical Unified Dispersion Model for Shielded-,
Suspended-, and Composite-Substrate Microstrip Line

for Microwave and mm-Wave Applications

A. K. Verma and Raj Kumar

Abstract—By introducing the concept of “virtual relative permittivity,”
this paper reports several closed-form dispersion models for a multi-
layered shielded/unshielded microstrip line over1<�r � 20, 0:1 �

(w=h) � 10, (h3=h) � 2 in the frequency range up to 4 GHz� cm. The
maximum deviation of the one model against the results of the spectral-
domain analysis (SDA) is limited to 3%, while for the other three models,
the maximum deviation is<2% and the root-mean-square (rms) deviation
is <0.8%. This paper also reports improvement in the closed-form model
of March for the determination of �e� (0) of the shielded microstrip line.

Index Terms—Dispersion, multilayer microstrip.

I. INTRODUCTION

The closed-form models are normally preferred by the designers
due to their simplicity and ease in use. However, closed-form
expressions for dispersion in the microstrip line on a compos-
ite/suspended substrate with and without a top shield are not available
in the open literature. Jansen [1] has concluded that the dispersion
modeling becomes extremely involved if the physical parameters of
microstrip-like lines exceed four. Using the concept of the single-
layer reduction (SLR) formulation, Verma and Hassani developed a
unified dispersion model [2] for the shielded/unshielded multilayer
microstrip line. However, this model degrades over the wider range
of parameters. Replacement of the composite-substrate microstrip line
by an equivalent permittivity of a single substrate has also been
suggested by Finlayet al. [3]. However, no analytical method has
been suggested by them for its determination.
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TABLE I
DEVIATION IN �eff (0) OF SHIELDED MICROSTRIP LINE AGAINST THE STATIC RESULTS OF SDA

Fig. 1. Shielded composite substrate microstrip line.

II. STATIC EFFECTIVE RELATIVE PERMITTIVITY

The three-layer shielded microstrip line, shown in Fig. 1, can be
reduced to the shielded(h2 �! 0; �r2 = 1), suspended(h3 �!
1; �r3 = �r1 = 1) and composite(h3 �! 1; �r3 = 1) substrate
microstrip lines. Table I compares the percent deviation in�e�(0)
for the shielded microstrip line calculated by the variational method
(Var.) [4], expressions of March [5], and expressions of Behl [6]
against the spectral-domain analysis (SDA) [7] atf = 0:1 GHz on
�r1 = 2:2, 9:8, 20, and40, for (h3=h1) = 2 and6 at (w=h1) = 0:1,
1, 5, and10. Results have also been computed for(h3=h1) = 3, 4,
8, 10, and other ratios of(w=h1) for comparison. The variational
method has deviation�1%. The deviation in the models of March
and Behl increases with nearness of the top shield and with increase
in the relative permittivity�r1 and(w=h1) ratio. The model of March
has deviation as high as 8.46% and the model of Behl has deviation
�3.1%.

To improve the accuracy of the model of March, we have mod-
ified the expression for filling factorq (shielded) by introducing a
correction factorK, which is a function ofw=h1 andh3=h1. A large
number of cases were used to obtained numerical value ofK and
then a curve-fit expression was obtained. The expression forq0 along
with correction factorK is given by

q0 = tanh 0:922 + 0:121 1 +
h3
h1

� 1:164
h1
h3

K (1)

whereK = 1 � �((h1=w)=(h3=h1)
1:8)

� =0:0663 + 0:0576
w

h1
; 0:1 �

w

h1
� 0:6

=�0:2504+ 0:5684
w

h1
; 0:6 �

w

h1
� 3

=10y; 3<
w

h1
� 10 (2)

y =�0:49 + 1:485 log
10

w

h1
(3)

q(shielded) =0:5 + q0(q(unshielded)� 0:5): (4)

The q(unshielded) could be determined from the expressions of
Hammerstad–Jansen [8]. Finally,�e� (0) of the shielded microstrip
can be determined from

�e� (0) = 1 + q(shielded)(�r1 � 1): (5)

Table I clearly shows that the modified model of March has
deviation�0.9%. In most of the cases, error is�0.2%. As a matter
of fact, the modified model of March has accuracy�0.9% even for
�r1 � 140.

In the range0:1 � (w=h) � 10; 0:2 � (h1=h)< 0:8, 2:0 �
�r2 � 20; h = h1 + h2 for the suspended microstrip line, we have
compared the results for�e� (0) determined by the variational-method
and models of Tomar and Bhartia [9], Svacina [10], and Schellenberg
[11] against the results of SDA Mirshekhar–Davies (SDA MD) [7] at
frequencyf = 0:1 GHz. The results of Tomar–Bhartia and Svacina
give deviation from 4% to 36%. The model of Schellenberg has a
deviation�2.12% for�r2 � 13, increasing up to 18% for�r2 = 20
at (w=h) = 5; (h1=h) = 0:2. However, this is the best closed-
form model which could be acceptable for computer-aided design
(CAD) purposes. The�e� (0) of the composite substrate microstrip
line could be determined by either the variational method or by the
closed-form model of Svacina [10]. However, the deviation in the
model of Svacina is 7.39%–18.7%, whereas the variational method
has a deviation<1% for the suspended/composite substrate.
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Fig. 2. Schematic diagram of unified dispersion model.

III. N EW UNIFIED DISPERSIONMODEL

The modeling scheme of the previous unified dispersion model [2]
and the present model is shown in Fig. 2. In the previous model,
the multilayer microstrip line has been replaced by an equivalent
single-layer substrate with a static equivalent relative permittivity
�eq. This process is the SLR formulation. On the equivalent substrate
with �eq, the Kirsching–Jansen (KJ) [12] dispersion model is used.
Through extensive study of shielded-, suspended-, and composite-
substrate microstrip lines, we have noticed that the effective relative
permittivities of these structures do not move toward either the real
permittivity or �eq with increase in frequency. Instead,�e�(f) appears
to move toward a “virtual relative permittivity,” which depends both
upon the structure and operating frequency. The phrase “move toward
�rv(f)” indicates as if the virtual relative permittivity is a frequency-
independent relative permittivity of the substrate having a fixed value.
However, this is not true. The virtual relative permittivity could be
viewed like the material dispersion in the substrate. For the shielded
microstrip line at the lower end of the frequency, this virtual relative
permittivity �rv(f) is higher than the�r1. It is also higher than�eq
of the composite/suspended microstrip line. The key issue in the new
unified dispersion model is the empirical determination of�rv(f).

Fig. 3 shows the frequency-dependent nature of the virtual rela-
tive permittivity of the shielded-substrate(�r1 = 9:8), suspended-
substrate(�r1 = 1; �r2 = 9:8), and composite substrate(�r1 =
3:5; �r2 = 12:95; h = 0:2 mm) microstrip lines. On investigating
the behavior of�rv(f) andd�e� (f)=df of various structures through
use of the SDA, we have noticed that the virtual relative permittivity
of the shielded microstrip line increases with the real relative per-
mittivity of the substrate and thew=h1 ratio, and decreases with an
increase in the top-shield height. It also decreases with an increase in
the frequency after a certain low frequency, which could be estimated
from the frequency parameterfp of Getsinger [13]. Likewise, the
virtual relative permittivity of the suspended-/composite-substrate
microstrip lines increases with increase in relative permittivity of the
substrate,w=h ratio and operating frequency. The increase in�rv(f)
is significant for the suspended microstrip line ofh1=h2 = 1. The
�rv(f) decreases with an increase in the air–gap/thickness of the low-
permittivity substrate. Fig. 2 shows that the new unified dispersion
model could be written as

�e� (f) = �rv(f)�
(�rv(f)� �e� (0))

1 + P (f)
(6)

whereP (f) is a parameter obtained from the expressions of Krischn-
ing and Jansen [12]. In the present case,P (f) is dependent upon
w=h; f � h and �rv(f). For the shielded microstrip lineh = h1

Fig. 3. Virtual relative permittivity.

and the composite/suspended substrateh = h1 + h2. f � h is in
GHz � cm. In view of the above discussion,�rv(f) could be written as
a combination of static and frequency-dependent parts of the relative
permittivities.

�rv(f) = �eq + �radd(f) (7)

where, for the shielded microstrip line,�eq = �r1 and for the
suspended/composite-substrate microstrip line�eq could be obtained
from the SLR formulation [2]. The presence of top-shield or ad-
ditional dielectric layer always alters the static equivalent relative
permittivity �eq. However, with an increase in frequency, the field
lines move toward the substrate of higher permittivities, bridging
the gap between equivalent relative permittivity and real relative
permittivity of higher value. Therefore, the�radd(f) could be mod-
eled around the difference relative permittivity,��r. Thus, for
the shielded microstrip line��r = �r1 � �eq, for the composite
(�r2>�r1)/suspended microstrip line��r = �r2 � �eq, for the
composite(�r1>�r2) microstrip line��r = �r1 � �eq.

Satisfying the functional requirements discussed above, an ex-
pression for the additional relative permittivity could be written as
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follows:

�radd(f) = 
��r
1 + �

w

h
H

(fn)
� : (8)

The parameters�, �, and 
 control the influence ofw=h ratio,
operating frequency, and relative permittivity, respectively, on the
�radd(f) �H is a parameter-controlling thickness of dielectric layers.
For each specific structure, these parameters have been obtained by
trial and error after comparing dispersion results of the present model
against a large number of results obtained by the SDA MD over a
wide range of physical parameters of the structures. The empirical
relations for these parameters have been obtained by the curve
fitting with the help of linear, power, exponential, and logarithmic
regressions.fn is the normalized frequency, which isfn = (fp=�f)
for the shielded microstrip andfn = (f=�fp) for the suspended-
/composite-substrate microstrip. The frequency parameterfp for the
individual structure is given by [13]

fp =
Zo

2�oh (�e�(0))
(9)

whereZo is the characteristic impedance of the microstrip line on the
air–substrate, i.e.,�r1 = �r2 = �r3 = 1. For the shielded microstrip
line,Zo could be obtained from the closed-form expressions of March
[5], and for the open suspended/composite substrate,Zo could be
obtained from the closed-form expressions of Hammerstad–Jansen
[8].

IV. A PPLICATION OF THE NEW UNIFIED DISPERSION

MODEL TO INDIVIDUAL STRUCTURES

A. Shielded Microstrip Line

The virtual relative permittivity�rv(f) for this case is obtained
by takingH = (h3=h1), � = 3, fn = (fp=3f), andfn = 1(f �
(fp=3)) in (8). The additional permittivity�radd(f) for the shielded
microstrip line meets the asymptotic requirements :�radd(f) �!
0; �rv(f) �! �r1 as (h3=h1) �! 1 and �radd(f) �! 0,
�rv(f) �! �r1 asf �! 1. The expressions for�, �, and
 for the
shielded microstrip line are summarized as follows:

� =1:4738
w

h1

0:7758

; 0:1 �
w

h1
< 10 (10)

� =1:5731� 0:2308
w

h1
; 0:1 �

w

h1
� 0:6

=1:2604
w

h1

�0:2535

; 0:6 �
w

h1
< 5

=0:5; 5 �
w

h1
� 10 (11)


 =�0:9869 + 1:1304�r1; 1:05 � �r1 � 2:2

=0:8228 + 0:3286�r1; 2:2<�r1< 12:95

=�13:5 + 1:4285�r1; 12:95 � �r1 � 14

=0:3342 + 0:3542�r1; 14<�r1 � 20: (12)

The model has been tested in the range(h3=h1) � 2, 0:1 �
(w=h1) � 10, 1:05 � �r1 � 20. This model has a maximum
deviation�1.6% against the SDA MD [7].

B. Suspended Microstrip Line

The �rv(f) for this case is obtained by taking� = 0:25 and
fn = (4f=fp), fn = 1; (f � fp=4) in (8). The empirically
determined parametersH, �, �, and
 are summarized as follows:

H = exp �5:1128
h2
h1

0:0544

(13)

� =1:5 exp�
w

0:7213h
; h = h1 + h2 (14)

� =3:928(0:8118)A [0:848(1:0248)A ]w=h; A1 =
h2
h1

(15)


 =0:345A2A3(A4)
A �r2

6:0

1:35

; 0:1 �
W

h
� 10: (16)

For 0:6 � (w=h) � 4, A2 = exp(1:3911(0:4236)w=h +
0:6861(w=h)�1:888 � 1):

For 4< (w=h) � 10; A2 = 0:116(1:3474)w=h

A3 =
h2
2h1

h2
h1

> 1 ; A3 = 1 otherwise (17)

A4 =
w

h
0:6 �

w

h
� 5

A4 =
h

w
; 5<

w

h
� 10 (18)

A5 =3:4266� 4:2256
w

h
; 0:1 �

w

h
� 0:6

=1:0153� 0:2123
w

h
; 0:1 �

w

h
� 5

=�0:2339 + 0:0555
w

h
; 5<

w

h
� 10: (19)

To improve the accuracy of the model for the suspended microstrip
line, (8) for �radd(f) is multiplied by a correction factorK0 as
follows:

K 0 = 1�A6 exp �
f1 � 60

20

2

(20)

where f1 is in gigahertz. For0:1 � (w=h) � 5, A6 =
A7; ((h2=h1) � 1) and A6 = (A7=A1); (1< (h2=h1) � 3). For
5< (w=h) � 10, A6 = A7; (0:05 � (h1=h2) � 3)

A7 =�1:6938+ 0:3508
w

h
; 0:1 �

w

h
< 5

=�0:25 + 0:05
w

h
; 5 �

w

h
� 8

=�0:825 + 0:125
w

h
; 8<

w

h
� 10: (21)

The model has been tested for1<�r2< 13, 0 � (h1=h2) � 3, and
0:1 � (w=h) � 10, f �h � 2 GHz � cm. It has a maximum deviation
of 2% against the SDA MD at(w=h) = 10; (h2=h1) = 1. It has
a root-mean-square (rms) deviation�0.8%. The model meets the
asymptotic requirements�radd(f) �! 0, �rv(f) �! 1 ash2 �! 0
and �radd(f) �! 0, �rv(f) �! �r2 ash1 �! 0:

C. Composite Substrate

It has been modeled for two different cases, namely,�r2>�r1 and
�r1>�r2. The case�r2>�r1 could also be used for the suspended
structure with limited range of parameters, i.e., forh1 � (h2=19) and
h1 � 3h2 and2 � �r2 � 6. For �r2>�r1, the�e� (f) is obtained by
taking � = 1, fn = (f=fp) (f >fp), fn = 1 (f � fp) and� = 0:6
in (8). The curve-fitted expression forH, �, and
 are as follows:

H = exp �4:4292
h2
h1

0:1115

(22)

� =C1

w

h

�C

; h = h1 + h2 (23)

C1 =2:6888 + 0:3566
h2
h1

;
1

3
�
h2
h1
� 1

=3:4093� 0:3639
h2
h1

; 1<
h2
h1

< 3

=2:8959� 0:1261
h2
h1

; 3 �
h2
h1
� 19 (24)
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C2 =0:3573� 0:05745
h2
h1

;
1

3
�

h2
h1
� 1

=0:3375� 0:0377
h2
h1

; 1<
h2
h1
� 3

=0:266� 0:014
h2
h1

; 3<
h2

1

� 19 (25)


 =0:3285(1:2012)� ; 2<�r2< 9:8

=0:0655(1:4173)� ; 9:8 � �r2< 13: (26)

This model has been tested against the SDA MD for2 � �r2 � 13,
(�r2=�r1) � 5, 0:1 � (w=h) � 10, 0 � (h1=h2) � 3, and
f � h � 4 GHz � cm. This model has maximum deviation of 2% at
(w=h) = 10, (h2=h1 = 1, �r1 = 3:5, and �r2 = 12:95). The rms
deviation in the model is�1.8%.

For �r1>�r2, the �e�(f) is obtained by takingH = 2:0(h2=h1),
� = (1=2), fn = (2f=fp), fn = 1 (f � (fp=2)), and� = 1 for
0:1 � (w=h) � 10, 0:01 � (h2=h1) � 0:05 in (8). This case is
applicable for a thin passivation layer. The expression for
 is the
same as (26). The curve-fitted expression for� is as follows:

� = 0:8028
w

h

�0:4288

; h = h1 + h2: (27)

In this case, the model has a maximum deviation of 2% against
the SDA MD for f � h � 4 GHz � cm.

D. Shielded Composite-Substrate Microstrip Line

For �r1>�r2, the�e� (f) of this is obtained by taking the following
parameters in (8):

H =
h3
h
; h = h1 + h2: (28)

For f � h � 0:8 GHz � cm, fn = fp=(2:5(f � exp(0:035f))).
For 0:8 � f �h � 2 GHz � cm, fn = fp=(2:0(f� exp(0:035f))).
For 2 � f � h � 6 GHz � cm, fn = (fp=133:78), wheref and

fp are in gigahertz,� = 
 = 0:5, and the empirical expression for
� is as follows:

� =C3

w

h

�C

; 0:6 �
w

h
� 10 (29)

C3 =2:7392� 14:587
h2
h1

;
h2
h1
� 0:05

=1:9715; 0:05 �
h2
h1
� 0:33

=2:1986� 0:6821
h2
h1

; 0:33 �
h2
h1
� 1 (30)

C4 =0:4758� 0:9732
h2
h1

;
h2
h1
� 0:05

=0:4246; 0:05<
h2
h1
� 0:33

=0:4378� 0:03959
h2
h1

; 0:33<
h2
h1
� 1: (31)

The �rv(f) meets the asymptotic requirement with respect to the
top shield height, i.e.,�rv(f) �! �eq for (h3=h) �! 1: For
(h3=h)> 8, the model could also be used for the determination of
the dispersion behavior of the open composite-substrate microstrip
line. For �r2>�r1, the �e� (f) is obtained by taking the following
parameters in (8):

H =
h3
h
; h = h1 + h2 (32)

for f � h � 0:8 GHz � cm, fn = (fp=2:2(f � exp(0:035f)));
for 0:8 � f � h � 1:2 GHz � cm, fn = (fp=2(f � exp(0:035f)));
for 1:2 � f � h � 2:8 GHz � cm, fn = (fp=125).

Fig. 4. Comparison of present dispersion model (PM ) for the shielded
microstrip line against various methods.

Fig. 5. Comparison of dispersion results of present model (PM ) against the
SDA from two sources.

Again, f and fp are in gigahertz. The empirical expressions for
parameters�, �, and
 for this case are as follows:

� =C5

w

h

�C

; 0:1 �
w

h
� 10 1 �

h2
h1
� 19 (33)

C5 =0:6431
h2
h1

�0:2506

C6 = 0:2977
h2
h1

�0:026 51

(34)

� =0:5; 
 =
1

2 1 + C7

h2
h1

; C7 = 1:4134
h2
h1

�1:6936

:

(35)
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Fig. 6. Dispersion of composite microstrip line.

For the case�r1>�r2, the model has a maximum deviation of 2%
for �r1 = 12:95, �r2 = 3:5f � h � 4 GHz � cm, 0:1 � (w=h) � 10,
(h3=h) � 2. For �r2>�r1, 0 � (h2=h1) � 3, (h3=h1) � 2, the
model has a maximum deviation of 3% forf � h � 2:6 GHz � cm.

V. COMPARISON TO PUBLISHED RESULTS

The results of the present model have been thoroughly compared
against the SDA MD [7]. The seventh-order Legendre polynomial
showing good convergency has been used as the basis functions in the
SDA MD formulation. However, the detailed comparison of results
is not presented due to a lack of space. We have already clearly
presented the percent deviation and range of parameters for each
model. While discussing the accuracy of the models, we should keep
in mind that the present model utilizes the Krischning–Jansen [5] dis-
persion model for the open microstrip line, which has deviation�2%,
for 0:1 � (w=h) � 100, 1 � �r � 20, 0 � f � h � 3:9 GHz � cm.
Fig. 4 further compares the dispersion results of the present model for
the shielded microstrip line against several full-wave methods. The
full-wave results have been taken from [14, Fig. 5]. The full-wave
results differ among themselves with a deviation as high as 6.7%. This
high deviation is perhaps due to the selection of basis functions. The
previous unified dispersion model of Verma–Hassani has a deviation
�4%, whereas the present model has a deviation�1%. Fig. 5 further
compares the composite substrate case(�r2>�r1) against the results
of the SDA from Balanis [15] for substrate�r1 = 2:2, �r2 = 9:7,
(w=h) = 1. For f � h = 3:9 GHz � cm, the present model has a
deviation of only 1.8% against the SDA of Balanis. For the case
�r1>�r2 (�r1 = 12:95, �r2 = 3:5), Fig. 6 further compares the
dispersion models and the SDA MD up to 300 GHz and against the
experimental results up to 24 GHz. The maximum deviation in the
model is 0.36%. The results of the SDA adopted by Jansen [1] at
2 and 18 GHz are also included for comparison. While comparing
the dispersion models against the experimental results, we should
keep in view that the fabricational process and the substrate could
have variation by�3%, which results into an error in the computed
�e�(0) above 3% for the multilayer structure.

VI. CONCLUSION

We have presented a unified dispersion model to achieve an
accuracy better than�2% for the dispersion in various microstrip-
like structures. Our modeling is satisfactory for the first three
cases. However, an improvement is needed for the shielded
composite-substrate microstrip line where the deviation is�3% for
f � h � 2:6 GHz � cm. The concept of virtual relative permittivity
could be further extended for the dispersion modeling of the
multilayer shielded/unshielded coupled microstrip line.
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